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Fig. 3 Axial sodium-vapor mass composition variation along the vapor-
liquid interface of the gas-loaded heat pipe.

transfer coefficients in condenser and evaporator respectively.
From these results, the minimum heat transfer rate for the heat
pipe under study is found to be about 200 w, and at heat transfer
rates below this level a continuous temperature drop occurs
along the heat pipe.

Similar to the simple heat pipe case, a cylindrical heat pipe
with sodium as the working fluid and argon as the controlling
gas is selected for the analysis.7 Five cases of the sodium-argon
gas-loaded heat pipe are analyzed. In these cases, the rate of heat
transfer through the system is lowered in such a way that the
constant mass of argon occupies an increasing length of the heat
pipe condenser section and eventually enters the heat pipe
evaporator section in Case No. 5. Table 2 gives the primary

Table 2 Primary information on the five sodium-argon gas-loaded
heat pipe cases

Case
No. Tac(K) Tae(K) T0(K} r» L(m)

Hc He

1
2
3
4
5

400
400
400
400
400

1000
944
905
870
851

900
873
859
848
842

0.025
0.025
0.025
0.025
0.025

0.6
0.6
0.6
0.6
0.6

32
32
32
32
32

159
159
159
159
159

information about the cases studied while Figs. 2 and 3
demonstrate the axial temperature and sodium vapor mass
composition variations along the heat pipe vapor-liquid interface.
The minimum heat transfer rate limit is about 250 watts here
as demonstrated in Figs. 2 and 3. The profiles in Figs. 1-3 are
obtained as mentioned before, by neglecting the axial heat
conduction through the heat pipe wall and the liquid-wick
matrix. Obviously, when this conduction contribution is taken
into consideration, the minimum heat transfer limit will be much
higher, and its importance in actual design consideration cannot
be overlooked.
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Variable Time Step Method for
Determining Plastic Stress Reflections

from Boundaries

HYMAN GARNET* AND HARRY ARMEN!
Grumman Aerospace Corporation, Bethpaye, N.Y.

IT is the purpose of this Note to call attention to the
advantages of the use of a variable time step direct integration

method, in conjunction with a finite element analysis, for
obtaining accurate results for elasto-plastic wave propagation,
including reflections from fixed boundaries.

Recently, increased interest has been shown in the application
of finite element analyses to problems in structural dynamics.
An important role in such procedures .is the appropriate use
of a direct integration method to handle the time dependence.
The more popular schemes employed have been Houbolt's,
Newmark-Beta, central difference, and Wilson's methods. These
procedures have been surveyed in a number of publications,
for example, by Nickell1 and the present authors.2 These
procedures all involve the use of a constant time step.

The present authors applied a number of direct integration
techniques to the finite element analysis of a rod experiencing
elastic and elasto-plastic wave propagation effects, either from
an applied step pulse, or from a constant velocity impact into a
rigid barrier.2 After completion of the investigation, it was
concluded that constant time step procedures, while capable of
being adjusted to converge to acceptable results, were inappro-
priate to many practical problems, in particular to the
increasingly important area of crashworthiness. The problem of
selecting a constant time step, which would lead to convergent
results is computationally equivalent to "flying" a vehicle, crash-
ing it, and analyzing it several times until a time step is found
that produces satisfactory convergence. This need for duplication
of analysis is eliminated by the use of variable time step
procedures, in which the time step may be varied at different
instants to reflect the dynamic behavior of the structure, i.e., the
time increment is increased during a slowly varying portion of the
response, and decreased during a rapidly varying portion of the
response. Thus, stability, accuracy, and efficiency requirements
are met by built-in procedures.

In this Note, the authors draw on results obtained by them
in Ref. 1, and more recently, to support the feasibility of
applying a variable time step procedure to finite element
structural dynamic analysis. The procedure referred to is a
Grumman-developed version of the modified Adams method.3
It has been applied to a variety of significant aerospace
structural dynamics problems, for example, as listed in Refs. 4
and 5. Recently, the present authors have employed this variable
time step procedure to obtain accurate predicted results for
elasto-plastic wave propagation, including the case of waves
reflected from boundaries. The method employs Taylor series
expansions to obtain predictor-corrector expressions, truncated
to difference form, of the solution to a first-order system of
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Fig. 3 Waves entering into
the construction of the plastic

reflection.
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Fig. 1 Stress response when elastic wave has travelled 0.8 the length of
thebar(£2/£i -0.1).

nonlinear equations. The corresponding second-order system of
equations of motion is employed to construct the corrector
expression. The procedure is described in detail in Ref. 3.

A bilinear stress-strain law was assumed and a constant-
strain finite element rod and its associated consistent mass
matrix was employed. Results (Figs. 1 and 2) are presented in
nondimensional form for the case of a step pulse applied to the
free end of a built-in bar. The ordinates represent stress divided
by the elastic Young's modulus; the abscissas denote non-
dimensional distances. These distances are actual distances from
the free end, divided by the length of the bar.

Figure 1 shows the elasto-plastic response, when the elastic
waves has traveled 0.8 the length of the bar. The theoretical
value of the response may, in this case, be obtained by methods
presented by Donnell.6 As can be seen, the step plastic and
elastic wave fronts are approximated by ramps. This sort of
approximation is to be expected from a numerical procedure
and represents a fair approximation to the position of the wave
front. At the same time it gives an excellent prediction of the
stress level.

Depicted in Fig. 2 is the stress response after the precursor
wave front, traveling at the elastic wave speed, but possessing
yield stress intensity, has reflected from the fixed end as a plastic
wave. This response corresponds to a time when an elastic wave
would have returned 0.4 the length of the bar. Shown are the
theoretical positions of the incident and reflected plastic waves,
and the theoretical value of the reflected plastic stress intensity.
The determination of the reflected wave properties is discussed
in the appendix.

These results, and others obtained by the authors (as
mentioned in greater detail in the appendix), are encouraging
because the strains in the reflected plastic waves represent a fair-
sized jump with respect to that of the incident wave. The
indications are that the Grumman-developed version of the
modified Adams procedure is a viable direct time integration
code, capable of handling dynamic elasto-plastic analyses.
Similar success may be anticipated in multidimensional cases.

Appendix: Reflected Plastic Waves
It is well known6 that in the case of a one dimensional bar,

when the intensity of an incident compressive wave, <7f, is less
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than half the yield stress, i.e., a,- ^ ay/2, reflection from a fixed
boundary occurs, with the intensity of the reflected wave, ar,
equal to twice that of the incident wave, i.e., ar = 2at. This
is not true when crt- > ay/2, for plastic effects result, and the
situation is more complex. Graphical methods have been
presented by DeJuhasz7 and Davids and Kumar8 for dealing
with bars stressed above the elastic range. A procedure suggested
by these approaches is presented now for determining the
intensity of the reflected compressive wave when at > ay/2.

Consider a free body diagram (including inertia forces) of an
element of a uniform rod of constant cross section, A, and
density, p. Let the symbols a and v denote stress and
particle velocities, respectively, then D'Lambert's principle
yields

p(dv/dt) = da/dx (Al)
If c is the speed of wave propagation, during the interval dt,
then dx = c dt. This results in

dv = da/pc (A2)
Equation (A2) describes the change in particle velocity during
the time interval, dt.

Following Ref. 7, the solution is constructed from the following
components: 1) an incident elastic wave traveling with intensity
crj, ffy/2 < a i ^ <Jy; 2) a wave traveling in the direction opposite
that of the incident wave, at yield stress intensity and elastic
speed of propagation, ce; and 3) a plastic wave also traveling
opposite to the incident wave, at plastic speed of propagation,
cp, and at as yet undetermined stress intensity, apr. Figure 3
depicts this situation.

By ensuring that the total particle velocity VT resulting from
these contributions is zero, the boundary condition for a fixed
end is enforced, and from this condition the value of apr, the
intensity of the reflected plastic wave, may be computed. From
the relation (A2), and the bilinear stress-strain law, the sum of
these contributions is

0.000 0,125 0,250 0,375 0,500 0,625 0,750 0.875 1.000
X/L

Fig. 2 Stress response after elastic wave front has undergone plastic
reflection (E^E^ -0.1).

da/pce- da/pce- da/pcp = 0 (A3)
J O J f f i J <jy

in which ce and cp are the elastic and plastic wave speeds,
respectively, and are given by

ce = (E./p}1'2, cp = (£2/p)1/2 (A4)
where El and E2 are the slopes of the elastic and plastic
portions of the bilinear stress-strain curves, respectively.

After the integrations are carried out, the following result is
obtained for opr

Opr = <*y + (Cp/Ce) [2(7 i — <7},] (A 5)

By letting a = <r/Elt and using Eq. (A4), Eq. (A5) is given in
nondimensional form as

in which use has been made of the fact that ay = eyt the
yield strain. The results shown in Figs. 1 and 2 were obtained
by use of Eq. (A6).

The present authors9 have also investigated more complex
cases. For example, the case which results when the reflected
plastic wave interacts with the incident plastic wave, and also
the case which results when the incident plastic wave reflects
from the fixed boundary. Analytical expressions were derived
and good agreement with computational results was obtained.
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Fig. 2 Incipient separation angle.

Comparison of Shock-Induced Two- and
Three-Dimensional Incipient Turbulent

Separation

R. H. KORKEGI*
Aerospace Research Laboratories, Wright-Patterson

Air Force Base, Ohio

Introduction

SIOCK waves resulting from sudden compressions in axial
orners or in rectangular ducts, interact two-dimensionally

with the boundary layer on the compression surface and three-
dimensionally (skewed or glancing shock) with the layer on the
adjacent surface. The configuration is illustrated in Fig. 1. It
is typical of the flow in "two-dimensional" supersonic diffusers.

The purpose of this Note is to present available quantitative
data for conditions of incipient separation of turbulent boundary
layers due to two-dimensional and skewed shock wave inter-
actions and thus show that separation will occur much earlier
for the latter than for the former types of interaction. This

RAMP

Fig. 1
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information is designed to bring together what is presently
known about two and three-dimensional shock wave-turbulent
interactions; however, much more data is needed for in-depth
knowledge and for defining characteristics of separation.

Incipient Separation Data
In order to avoid the possibility of transitional effects, only

data corresponding to Re6 > 105 are considered. According to
experimental evidence, the compression angle 0£ for two-dimen-
sional incipient turbulent boundary-layer separation first
decreases, then increases slowly ! '2 with increasing Re(^ ; decreasing
wall temperature also results in some increase in 9^ However,
these variations are considerably smaller than for the laminar
case.4

For incipient turbulent boundary-layer separation due to a
skewed shock wave, the present author5 has shown that existing
data up to M = 3.5 correlate according to

M0t = 0.3 (radians) (1)
Corresponding to which the pressure rise across the shock wave
is p./p = 1.50 independent of M.

Incipient separation data1"3'6"15 for both two-dimensional
and skewed shock wave-turbulent boundary-layer interactions
are shown in Fig. 2. The numerals indicate references. The vertical
lines indicate data over a wide range of Reynolds numbers
and/or limits of accuracy, if known. Included in Fig. 2 for the
three-dimensional case are new data points from Neumann and
Token14 up to M = 5.5 and one from Law15 which tend to
confirm the trend of the correlation. Additional data on three-
dimensional interactions at M = 5.9 by Goldberg16 is not
included because the incipient separation angle could not be
determined with sufficient accuracy.

The pressure rise for incipient separation corresponding to
Fig. 2 is shown in Fig. 3, along with two empirical correlations
for the two dimensional case, adequate for rough estimates,
in which no account is taken of the effect of Reynolds number
and wall temperature variations as these are not large to a first
order. The correlations are :

or Pi/p= 1+0.3M2 M < 4.5 (2)Cpi = 0.43
and

M > 4.5 (3)


